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Introduction and motivations
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What can we say about the topology/geometry of “spaces” known only
through a finite set of measurements?

What is the relevant topology/geometry of a point cloud data set?

Motivations: Reconstruction, Manifold Learning and NLDR, Clustering and
Segmentation, ...



Geometric Inference
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Question:

Given an approximation C' of a geometric object K, is it

possible to reliably estimate the topological and geometric properties
of K, knowing only the approximation C'7?

Question

cated set),

*: Given a point cloud C' (or some other more compli-
s it possible to infer some robust topological or geometric

information of C'?

e [ he answer depends on:

- the considered class of objects (no hope to get a positive
answer in full generality),

- a notion of distance between the objects (approximation).



Distance functions for geometric inference

Considered objects: compact subsets K of R

Distance:
distance function to a compact K C R%: di : ¢ — inf, ek ||z — p||
Hausdorf distance between two compact sets:

du (K, K') = sup,ega |dr (2) — dg (2)]




Distance functions for geometric inference

Considered objects: compact subsets K of R

Distance:

distance function to a compact K C R%: di : ¢ — inf, ek ||z — p||
Hausdorf distance between two compact sets:

du (K, K') = sup,epa |dr (¢) — dr ()

e Replace K and C by dx and d¢

e Compare the topology of the offsets
K" = d; ([0,7]) and C" = d* ([0,7])




Distance functions for geometric inference

Considered objects: compact subsets K of R

Distance:

distance function to a compact K C R%: dg : & — inf ek ||z — p|
Hausdorf distance between two compact sets:

du (K, K') = sup,epa |dr (¢) — dr ()

e Replace K and C by dx and d¢

e Compare the topology of the offsets
K" =d ([0,7]) and C" = dg' ([0, 7])




Stability properties of the offsets

Topological /geometric properties of the offsets of K are stable with
respect to Hausdorff approximation:

1. Topological stability of the offsets of K (CCSL'06, NSW’06).
2. Approximate normal cones (CCSL'08).

3. Boundary measures (CCSM’07), curvature measures (CCSLT'09), Voronoi
covariance measures (GMO’09).



Distance functions: the three (indeed two) main
ingredients of stability

e the stability of the map K — dg:
ldx — di||co = du (K, K')



Distance functions: the three (indeed two) main
ingredients of stability

e the stability of the map K — dg:
ldx — di||co = du (K, K')

dr 1s differentiable almost

e the 1-Lipschitz property for dy; —® everywhere.



Distance functions: the three (indeed two) main
ingredients of stability

e the stability of the map K — dg:
ldx — di||co = du (K, K')

_ _ | dx is differentiable almost

e the 1-Lipschitz property for dg; —» everywhere.
e the gradient vector field Vdg is
well defined and integrable (al-

e the 1-concavity of the function d3.:__ though not continuous).

2 2 :

r — ||z||* — d% (x) is convex. e Isotopy lemma.

e dx admits a second derivative
almost everywhere.



The problem of “outliers”

If K/ = KU {x} where dix(x) > R, then ||dx — di/||cc > R: offset-based
inference methods fail!

Question: Can we generalize the previous approach by replacing the distance
function by a “distance-like” function having a better behavior with respect

to “"noise’” and “outliers” ?



Replacing compact sets by measures

A measure £ is a mass distribution on R?:
mathematically, it is defined as a map p that takes a (Borel) subset B C R
and outputs a nonnegative number p(B). Moreover we ask that if (B;) are

disjoint subsets, 11 (U, Bi) = D ;en #(Bi)-

e 11(B) corresponds to to the mass of u contained in B
e a point cloud C' = {p1,...,pn} defines a measure puc = %ZZ Op,

e the volume form on a k-dimensional submanifold M of R% defines a
measure volg s

® ctcC...



Distance between measures

“The” Wasserstein distance dyy (u, v) between two probability measures i, v
quantifies the optimal cost of pushing 1 onto v, the cost of moving a small
mass dx from z to y being ||z — y||*dx.

cir/ \------""77 "Q 1. u and v are discrete measures:
dq — ZCZ&C, = )_;d;0y; with
‘A

Q ------- R — dj 2. Transport plan: set of coeffi-

'O cients m;; > 0 with ) .m; =
-------- ’O dj and Zjﬂ-ijzci-

O - :O 3. Cost of a transport plan
' 1/2
C(m) = (i llzi — j>ms5 )

- 4. dyw (p,v) :=inf, C(m)



Distance between measures

“The” Wasserstein distance dyy (u, v) between two probability measures i, v
quantifies the optimal cost of pushing 1 onto v, the cost of moving a small
mass dx from z to y being ||z — y||*dx.

() @
di 1. 1 and v are proba measures in R
N
ny O

RN 2. Transport plan: 7 a proba measure on
@ EEEEEEEREE B ) . R? x R? s.t. m(A x R?) = p(A) and
']

O'QO m(RY x B) = v(B).
el 3. Cost of a transport plan
I 2
Q - O O(m) = ( fiaxwa = ylPdm(z,y))

1 - U 4. dy (u,v) :=inf, C(m)




Wasserstein distance
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Examples:
o If (7 and (5 are two point clouds, with #C; = #C5, then

dw (o, , e, ) is the square root of the cost of a minimal least-square
matching between C; and (5.

o If C = Api,...,pn} is a point cloud, and ("
{p17 ooy Pn—k—1,01, .. -,Ok} with d(OZ,C) = R, then

k
dg(C,C"Y >R but dw(uc,pc) < g(R—I— diam(C))



The distance to a measure

Distance function to a measure, first attempt:

Let m €]0,1] be a positive mass, and p a probability measure on RY:
Opm(x) =1nf{r > 0: u(B(x,7)) > m}.

® 0, Is the smallest distance needed to cap-
ture a mass of at least m;

e Coincides with the distance to the k-th
neighbor when m = k/n and pu =

/ % 2?:1 5197;:

Oyt /n () = [z = pc:(2)



Unstability of 1 +— d,.,

Distance function to a measure, first attempt:
Let m €]0,1] be a positive mass, and p a probability measure on RY:

inf{r >0:uB(z,7)) >m}.

5u,m(5’3)

Unstability under Wasserstein perturbations:

pe = (1/2 — €)oo + (1/2 + €)01

fore>0: Vo <0, d,_1/2() =

fore =0: Vo <O, 5%,1/2(37) —

r— 1

x — 0

Consequence: the map u — 6., € C°(R?) is discontinuous whatever the

(reasonable) topology on CY(R%).



The distance function to a measure

Definition: For 1 is a probability measure on R? and mg > 0, one defines:

. pmo 1/2
dymy : x € R (— /o 5i,m(x)dm)

mo




The distance function to a measure

Definition: For 1 is a probability measure on R? and mg > 0, one defines:

1 [™o 1/2
dymy : x € R (— /o 5i,m(x)dm>

o
5u,m 4

2= () | [ —

(B TGOl [ EE——

|z —pg& ()|
l | - } >
l 2 o [ ) [ ) E m
mn mn mn

Example. Let C' = {p1,...,pn} and p = %2?21 0p,. Let p¥ (x) denote the
kth nearest neighbor to x in C, and set mg = ko /n:

ko 1/2
dppmo (T) = (ko > - p‘é(ﬂfﬂ)
k=1



Another expression for d,, ,,,

~> . (R = mg and [i < ,u}
m

space of proba
measures

Dirac measures 1

— {—p: AR =mo and i < p}

mo

“The projection submeasure”: [, ,,, = the restriction of © on the ball
B =B(z,d,, m,(x)), whose trace on the sphere B has been rescaled so that
the total mass of fiy ym, IS M.

1 N 1
o) =~ [ =2l A, = iy (5.7;, —ux,mo)
heRd

mo mo



Another expression for d,, ,,,

1 -
o () = min {dw (5:6, m—/:z) (R) = my and i < u}
0

o

Proof:



Another expression for d,, ,,,

. (R = myg and i < ,u}

Only one transport plan : y € R% — &



Another expression for d,, ,,,

o

1 )
o () = min {dW (558, m—/:z) (R) = my and i < u}
Proof:

mo
[ n=alPdp = [ dpao = [ F w2
. R A :
pushforward of i by the dis- F; (t) = [12([0,t)) is the cumulative function of fi, and
tance function to . Fﬁ_xl (m) = inf{t € R : F_(t) > m} is its generalized
Inverse



Another expression for d,, ,,,

1
Gy (2) = min { (82, ) 4 RY) = o and i <

o

Proof:

[ n=aldnm) = [ Rdpa = [ Em2dm
. TR A :

pushforward of i by the dis- F; (t) = [12([0,t)) is the cumulative function of fi, and
tance function to . Fﬁ_xl (m) = inf{t € R : F_(t) > m} is its generalized
inverse

o i< p= Fyp(t) < F () = Fo(m) > Frl(m)

o Fi(t) = pu(B(x,1)) and Fy'(m) = 65 (x)

[ =l > [ F )am = [ (e
Rd 0 0



Another expression for d,, ,,,

o

1
o () = min {dW (5:,@, —/:z) (R) = my and i < u}
m™m
Proof:

[ n=aldnm) = [ Rdpa = [ Em2dm
- Py o

pushforward of i by the dis- F; (t) = [12([0,t)) is the cumulative function of fi, and
tance function to . Fﬁ_xl (m) = inf{t € R : F_(t) > m} is its generalized
inverse

Equality iff Fﬁ_m1 (m) = Fu_xl (m) for almost every m
= equality if ot = iz, m,

/ Ih — z||*di(h) / F@l(m)de:/ 8,m(x)?dm
R4 0 0



. . 2
Semiconcavity of d; .

Theorem: Let 11 be a probability measure in R? and let mg € (0,1).
1. d2 ,,, is 1-semiconcave, i.e. x € R? — ||z|* — d2, . is convex.

2. di’mo is differentiable almost everywhere in R?, with gradient defined

by
2
e oL ()
heRd

mo

3. the function z € R% +— d,, ,,, (z) is 1-Lipschitz.

Example. Let C' = {p1,...,pn} and p = %2?21 0p,. Let p¥(x) denote the
kth nearest neighbor to z in C, and set mg = ko/n:

ko

2
vdi,fmo (x) — Qdﬂamovdﬂamo — k_O Z(f _plé’(x»
k=1



. . 2
Semiconcavity of d; .

Proof:
2. () = — / ly = R djig.mg (1)
W, mo mo LeRd Y,mo
1 5
<L / 1y — Al dfiz.mg (1)
mo JheRrd

1\ )
dy,m () — dyy (590, m—()u) . i(R%) = mo and i < u}




Semiconcavity of d; .

Proof:
2o =— [y — bl iy (h)
HL,110 mg heRd Y,1mo
1 N
< — ly — h||? diig,mq (h)
Mo JheRrd
1 ~
B _/ (lle = hll> +2(x — b,y —2) + |ly — 2 ) dfiz,m,(h)
mo JpecRrd

=d> () + |y —=||*+(V,y — )

,mo

with V = mlo S epal® — h] dfiz,mq (h).



. . 2
Semiconcavity of d; .

Proof:
1
&2 :_/ — b||* dfiy.m, (B
mo (Y) —_ |y — h||* dity,m, (R)
1 i
< — ly — Al dfig,mo (h)
mo JhpecRrd
1 ~
_ _/ (Jo = hl)> +2(x — hyy — 2) + |y — 2|1%) dfiz.mo (h)
mo JhcRrd
= dyy o (T) + y = 2[I° + (Viy — 2)

with @d [z — h] dﬁ@

= (I9l* = dymo @) — ([2]° = d}, 1o (2)) = (22 = V2 — )

This is the gradient!



Stability of of yu — d,

Theorem: If 1 and v are two probability measures on R? and mg > 0, then
[dsimg — o lloo < —A=dw (,v).




Stability of of yu — d,

Theorem: If 1 and v are two probability measures on R? and mg > 0, then

(15 V).

Hd,u,’mo o dl/ m()Hoo -~ \/7

Proof: Set of submeasures of 1 of mass my.
Proposition: dpg , Sub,,, (V) < dw (i, V)
1
d,u?mO (Qf) — \/%dW (mOéCE? SmeO (,LL))
1
< m(dH(Sume (1), Sub,,, (v)) + dw (mgds, Sub,,, (v)))
1
< dw (:uv V) + dv,mg (z)

3



To summarize

Theorem
1. the function x — d,, () is 1-Lipschitz;
2. the function x — ||z||* — d2 ,, () is convex;

3. the map p — d,, m, from probability measures to continuous functions

IS \/;,TO—Lipschitz, e

dpme — Aurimo oo < — dw (1, 1)

In practice: d,, ,,,, and Vd,, .,,, are very easy to compute for = > | J,.,
C:{pla"'pn} C R*



Consequences

Most of the topological and geometric inference for distance functions trans-
pose to distance to a measure functions!

——> This gives a way to associate robust geometric features to any prob-
ability measure in an Euclidean space:

e stable offsets topology and geometry,
e stable persistence diagrams,

e analogous of the notions of medial axes,

o L! stability of Vd, m,



Example: a square with outliers

3¢+¢ T F |,+ ‘; ™ .’ ¢+| M T ry T+ ry
* . * P + oy +*
ot L AP . Y. VR + +
‘ . . * o * . . * +‘+ .
. +
2 o .! M . 4
L S—
’: LR MR LN « i *
+
+ . wt v 4l * * .
s * + *a *, &
- " . * * ¥ *
“ o N+ +
- . * *
+ L * . .+t .
TP o %8+ e + * e . L .
+
R M + * %:o L, et
L + e : * ’0 + ¢ *
+ .
* + * *

D' LN % ,: * v L. e oF ahr
- - -
4 . P . 2} - * * »

N - * + . + ot - . L R
+ + +
| P - o+ * * - * . oo+
4 . . PO +
+
™ * * L
1l g, Wt PR .t o i
. ’o, e . . 3N LN
. et Lt M S R
o . + * * + + L
+ - * o, * . * - *
2l LU TP S Y S - e * &
) VR . e Tar s * +
- * * + o+
:* . s et e
« + 3 A - PN
+ +
Yoo et . . + . t R * ¥
+ +
Al e 1 F| L+ & I +% L+ *

2300 points, 20% outliers



Example: a square with outliers
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Example: a square with outliers
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A 3D example

Reconstruction of an offset of a mechanical part from a noisy approximation
with 10% outliers



A reconstruction theorem

Theorem: Let 11 be a proba measure with compact support X C R? s. t.
(7) 7o (K) > 0 for some o € (0,1] ,
(1) 3C > 0 s.t. Vo € K, u(B(x,r)) > Crk
Let 1/ be another measure, and € be an upper bound on the uniform distance
between dg and ds ,,. Then, for any r € [4e/a?, R — 3¢|, the r-sublevel
sets of d,, m, and the offsets K", for 0 < n < R are homotopy equivalent, as
soon as: P
m
Wt £ ST s




Comparison to kNN density estimation

| 1200
g | " 1200 & 7
Data: 1200 points P1,°° s P1200
Density Is estimated using
1. x+— 0 mo = 150/1200 (k = 150) (Devroye-Wagner'77).

Wa—1(0p,mq (%))’

2. — Mo mg =150/1200 (k = 150).

27Td,a,m0 (ac)z '




Comparison to kNN density estimation
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Comparison to kNN density estimation
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Comparison to kNN density estimation
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Density estimation
(on-going work with G. Biau, D. Cohen-Steiner, L. Devroye)

Let 1 = fd\ be a probability measure in R where d)\ is the Lebesgue measure
in RY and f > 0 is a c-Lipschitz function.

141
Theorem: Let v be a proba measure such that Ws(u,v) < %Bd(c)m{r?

and let g,,, : R — R be defined by

mo _ 1 d 2
m — th —
@) = Cag @yt M T L <d+2>

Then there exists (explicit) constants C'(d, ¢), D(d, c) > 0 such that

1

| = Gmollse < C(d, )mT + D(d, cymg =Wy (u, v)

+ Same kind of bound for ||V f — Vg, | 11



Pushing data along the gradient of d,, ,,

[IR= ¢ -

e Mean-Shift like algorithm (Fukunaga-Hostetler'75, Comaniciu-Meer '02)

e Theoretical guarantees on the convergence of the algorithm and
“smoothness” of trajectories.

e “Fast concentration of mass” around underlying geometric structures?
(on-going work with D. Cohen-Steiner and K. Mischaikow)



Pushing data along the gradient of d,, ,,,

Distance-based mean-shift followed by k-Means clustering on the point cloud
made of LUV colors of the pixels of the picture on the right (10 clusters).



Pushing data along the gradient of d,, ,,,

(on-going work with D. Cohen-Steiner, R. van de Weygaert, P. Pranav)

Galaxies data set




Pushing data along the gradient of d,, ,,

(on-going work with D. Cohen-Steiner, R. van de Weygaert, P. Pranav)

9.6807600e+000
21.8

0.00088¢




Take-home messages

® 1 +— d, m, provide a way to associate geometry to a measure in Euclidean
space.

® d, m, Isrobust to Wasserstein perturbations : outliers and noise are easily
handled (no assumption on the nature of the noise).

e d, m, shares regularity properties with the usual distance function to a
compact.

e Geometric stability results in this measure-theoretic setting : topol-
ogy/geometry of the sublevel sets of d,, ,,,, stable notion of persistence
diagram for p,...

e No need of statistical models.

o Algorithm: for finite point clouds d,, ,,, and V(d,, m,) can be easily and
efficiently computed in any dimension.

To get more details:
http://geometrica.saclay.inria.fr/team/Fred.Chazal /papers/RR-6930.pdf



