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/igzag Persistence

Ve Vi = Vo &« Vo = Vi «— V5 —

lpg: 0 — k& <« Kk — k <« 0 =

Theorem: Any zigzag module V can be written as a sum of

interval modules I:
V= 69 b, da]
aEA

[Carlsson, de Silva '10]
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e computes persistence using space dependent on the size of the levelset
rather than the entire space

e suggests a parallel algorithm for . —
computing persistence P S BN

e resolves an open question relating persistence of f and —f

Symmetry Theorem:

Ord,(f) = Rel%(~f)
Ext,(f) = Ext;(—f) R: (xyy) — (—y,—2x)
Rel(f) Ordg_l(—f) 0: (z,y) +— (—z,—y)
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Stability Theorem for Persistence Diagrams:
Let X be a topological space with continuous tame functions
f,g: X —= R. Then the persistence diagrams Dgm(f), Dgm(g) satisfy

Weo(Dgm(f), Dgm(g)) < [|f — 9lloo
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[Cohen-Steiner, Edelsbrunner, Harer '05]
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Well Groups

f:X->Y ACY fiX—
X = topological space -\

Y metric space

Stability of H(f1(A))? nf ||z —afl < 7}

h: X =Y, r-perturbation: ||h — f|lco <7
“(A) C £ A7)
jn : H(h™(A)) = F(r) F(r) = H(f 71 (A"))

Definition: The well group U(r) C F(r):

A= flloo <r

|[Edelsbrunner, Morozov, Patel]
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Well diagram Dgm(f,A) = {ry,r1,73,73,00 X 0}

v A
A ={a} X X a
*—O O O ¢
ot f
@ @ @ % >
X

Stability Theorem for Well Diagrams: Let Dgm(f,A) and
Dgm(g, A) be the well diagrams of the admissible maps f,g : X — Y,

where X, Y, and A C Y. Then

Woo (Dgm(f,A),Dgm(g,A)) < || f — glls-
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Fixed Points

b: R™ — R™ Fixed point: b(z) = x
f(z) =z — b(x) flz) =0
X=Y=R" A={0}

Brouwer’'s Fixed Point Theorem: Every continuous mapping
b:B™ — B™ has a fixed point.

Proof:
Extend b to R™ — R™: b(x) = b(x/||z||2) if x ¢ B™.

f
flg)=x—0b(z) gx)=ua -
If —9llc = sup [[f(z)—g(x)]2

reR™

sup |[b(z)]]2 =1
rER™

Dgm(g, A = {0}) has a point at infinity = so does the diagram of f.
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One point case: f:X=R, A=/{a} A"=la—r,a+r

B_, =im(H(f '(a—17)) = H(f ' (A")))
B, = im(H(f"(a+r)) = H(f 71 (A")))

One Point Formula:
U(r)=B_,NByr, r>0

Proof sketch:
ShOW B—'r' M B_|_7~ g U.
Let o - B_r M B_|_7~.
Let h be an r-perturbation.

C={zcA" | h(z)<a}

D={zeA |hz)>a}[ PP

H(h™'(a))) — H(C) ® H(D) — H(A")
By M-V, « is supported by A~ '(a).
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B, = im(H(f " (a+7)) = H(fL(AT)))

One Point Formula:
U(r)=B_,NByr, r>0




Connection to Persistence (Y = R

One point case: f:X=R, A=/{a} A"=la—r,a+r

B_, =im(H(f *(a—7)) = H(f1(A")))
B, = im(H(f " (a+7)) = H(fL(AT)))

One Point Formula:
U(r)=B_,NByr, r>0




Well Groups Summary

Stability in a more general setting: f: X —> Y, ACY

e fixed points
e self-intersections

e contours of a surface

Most algorithmic questions are wide open;
only know how to compute:

X 1Y | A

m | m | O
m | 1 | %




Thank you for your
time and attention!
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Persistent Homology

f: X =R, Xe = f71(~00,d]
0 — H(X,,) > HXy,) — ... = H(X)




Persistent Homology

f: X =R, Xe = f71(~00,d]
0 — H(X,,) > HXy,) — ... = H(X)




Persistent Homology

f: X =R, Xe = f71(~00,d]
0 — H(X,,) > HXy,) — ... = H(X)

>
\v/ X




P

ersistent Homolo

f: X =R, Xe = f71(~00,d]

0= H(X,,) > HXy,) = ... —

YT\




Persistent Homolo

f: X =R, Xe = f71(~00,d]
0 — H(X,,) > HXy,) — ... = H(X)

a\ﬁ
|
YRS




Persistent Homolo

f: X =R, Xe = f71(~00,d]
0 — H(X,,) > HXy,) — ... = H(X)
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Persistent Homology

f: X =R, Xe = f71(~00,d]
0 — H(X,,) > HXy,) — ... = H(X)
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Persistent Homology

f: X =R, Xe = f71(~00,d]
0 — H(X,,) > HXy,) — ... = H(X)
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Persistent Homolo

f: X =R, Xe = f71(~00,d]
0 — H(X,,) = H(X,

k HXp) = HXe) = #&9(Dgm(f))
= number of points in the upper-left quadrant (b, c) of Dgm(f)



Persistent Homology

f: X =R, Xe = f71(~00,d]
0 — H(X,,) = H(X,
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ersistent Homolo

f:X >R X, =

0= H(X,,) > HXy,) = ... — -—I(X)
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Persistent Homology

f: X =R, Xe = f71(~00,d]
0 — H(X,,) = H(X,




Bottleneck Distance

Bottleneck _distance between multisets
D and E in R?:

Death

We (D, E)=1infsup ||x — v(2)]||so
v

T

where x € D and ~ € {bijections from D to E}

>
Birth
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