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The Alanine-Dipeptide Dataset

The alanine-dipeptide:
- 7 heavy atoms (C, N) and 13 light atoms (O, H)
- only the 7 heavy atoms play a role in conformational dynamics
— each conformation is represented as a point in R*!

- conformation space endowed with Root Mean-Squared Deviation (RMSD)

(from [Chodera et al. 2007], courtesy of the Folding@Home project)



The Alanine-Dipeptide Dataset

The alanine-dipeptide:
- 7 heavy atoms (C, N) and 13 light atoms (O, H)
- only the 7 heavy atoms play a role in conformational dynamics
— each conformation is represented as a point in R*!

- conformation space endowed with Root Mean-Squared Deviation (RMSD)

only two relevant DOFs (angles ¢, )

underlying free energy landscape exhibits 6 major minima (metastable states)

(from [Chodera et al. 2007], courtesy of the Folding@Home project)



The Alanine-Dipeptide Dataset

ined from simulations at picosecond scale

Istance between conformations

T
4+
0
O
™
(&
aZ
Rl o
v OV
T
£ -
O
2 §
S N
N,S
llgM
—
| I |

Input




The Alanine-Dipeptide Dataset

Input:
- 192,000 points in R?! obtained from simulations at picosecond scale

- RMSD used as distance between conformations

Goal:

- cluster data into metastable states
- states gathered into Markovian model

o - enables simulations at millisecond scale
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- low-dim. data embedded in higher dim.

- non-trivial topology
- ambient space is non-Euclidean
0- : ' - prominences of density peaks differ a lot




The Alanine-Dipeptide Dataset

Input:
- 192,000 points in R?! obtained from simulations at picosecond scale

- RMSD used as distance between conformations

<advertising>
previous attempts took > week of tweaking

our approach worked out of the box (10 minutes)
< /advertising>

4 Challenges:
- low-dim. data embedded in higher dim.

- non-trivial topology
- ambient space is non-Euclidean
0- : . - prominences of density peaks differ a lot




Our Formalism

- X is a Riemannian manifold
- points are drawn from an unknown probability distribution of density f : X — R

- sole input: the pairwise geodesic distances between the data points
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Our Formalism

- X is a Riemannian manifold
- points are drawn from an unknown probability distribution of density f : X — R

- sole input: the pairwise geodesic distances between the data points

- approximate f through some density estimator f

cluster data points according to basins of attraction of prominent peaks of f
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Link with Scalar Fields Analysis

Setting: X a metric space, f : X — R a regular function

P a finite point cloud in X

Input: pairwise distances between points of P, values of f at P
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Setting: X a metric space, f : X — R a regular function
P a finite point cloud in X

Input: pairwise distances between points of P, values of f at P
Goal: Analyze the topological structure of f:
- persistence diagrams

- stable/unstable manifolds




Link with Scalar Fields Analysis

Setting: X a metric space, f : X — R a regular function
P a finite point cloud in X

Input: pairwise distances between points of P, values of f at P

Goal: Analyze the topological structure of f:
- persistence diagrams

- stable/unstable manifolds

No triangulation of X is available




Unions of Balls

Assume X is a metric space, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) € > 0.

Fo := f71((—00,0])
P, := PN Fy,
Pg = UpEPa BX(pa 5)

\V/&ER, Pg gFOHr%
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Unions of Balls

Assume X is a metric space, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) € > 0.

Fo 1= f_l((_ooa al)
P, .= PNF,

Pg = UpEPa Bx(p, 5)

Fa—|—cs

Ya €R, PE C Foyee and F, C P2, 4

the nested families of spaces

{Fa}OzER and {Pg}QER
are ce-interleaved w.r.t. inclusion

|

their persistence diagrams are ce-close In dB

[Cohen-Steiner, Edelsbrunner, Harer '05] [Chazal, Cohen-Steiner, Glisse, waas O '09]
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Assume X Is a metric space
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Unions of Balls

Assume X is a metric space, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) € > 0.

Algorithm: choose parameter 0 > 0
1. Sort the data points such that f(p1) < f(p2) < -+ < f(pn),

2. Fori=1,---,n, build the union of balls {p,--- ,pz}é,

3. Compute the persistent homology of the nested family of spaces:

{201}(S — {p1,p2}5 — {p17p2,p3}5 o {p1,p27 T 7pn}5



Unions of Balls

Riemannian manifold
Assume X is a-metricspace, f : X — R is c-Lipschitz,

P is an e-sample of X for some (unknown) e=>0.

. 0 <& < 0:(X)
Algorithm: choose parameter 0 > 0

1. Sort the data points such that f(p1) < f(p2) < - < f(pn),

2. Fori=1,---,n, build the union of balls {p,--- ,p@-}‘s,
or equivalently its nerve N (p1,--- ,p;),

3. Compute the persistent homology of the nested family of spaces:

Né(pl) %N(s(pl,pz) %N(S(plap%m) oY Na(phpz, T 7Pn)



Unions of Balls

Riemannian manifold
Assume X is a-metricspace, f : X — R is c-Lipschitz,

P is an e-sample of X for some (unknown) e=>0.
. 0 < e < 0.(X)
Algorithm: choose parameter 0 > 0
1. Sort the data points such that f(p1) < f(p2) < -+ < f(pn),

2. Fori=1,---,n, build the union of balls {p,--- ,p@-}‘s,
or equivalently its nerve N (p1,--- ,p;),

3. Compute the persistent homology of the nested family of spaces:

Né(pl) %N(S(plapz) %N(s(pl,p%m) oY Nd(phm, T 7Pn)

— if £ < § < p.(X), we obtain a cd-approximation of the diagram of f in di’



Unions of Balls

Riemannian manifold
Assume X is a-metricspace, f : X — R is c-Lipschitz,

P is an e-sample of X for some (unknown) ¢

F e
. \(J ~ Qc(X)
Algorithm: choose parameter 0 > 0 (3},

1. Sort the data points such that f(p) &fb < f(pn),

R

2. Fori=1,---  n, build the unior « Q {p1,- ,pi}°,

or equivalent’ \QJ ve NO(p1,-+- ,pi),
3. Compute the persistent ’&,'\bg)y of the nested family of spaces:

C
N° (pl) ‘—>N pl pr ,é’b L1, p27p3) %N(S(plapz,'“ ,pn)

O



Pairs of Rips Complexes

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

— apply sandwitching idea from [Chazal, O. 08]:

Vi=1,---,n, replace J\/'(S(pl,--- ,pi) by

Ra(pla“' , Di) g/\/é(pl,--- ,pi) C R%(pla“' , Di)



Pairs of Rips Complexes

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

Algorithm: choose parameter 0 > 0
1. Sort the data points such that f(p1) < f(p2) < -+ < f(pn),

2. Fori=1,---,m, build R°(p1,--- ,p;) € R*(p1,---,pi),

3. Apply the persistence algorithm for images to the pair of filtrations.

[Cohen-Steiner, Edelsbrunner, Harer, Morozov '09]

R25(p1) — R26(plap2) — — RQé(plap27”' 7pn)
J J J

Ro(p1) — R°(p1,p2) < -+ — R(p1,p2,  ,Dn)



Pairs of Rips Complexes

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

Algorithm: choose parameter 0 > 0
1. Sort the data points such that f(p1) < f(p2) < -+ < f(pn),

2. For i = 17 y 10, build R5(p17'” 7]77,) g R25(p17"' 7pi)'

3. Apply the persistence algorithm for images to the pair of filtrations.

[Cohen-Steiner, Edelsbrunner, Harer, Morozov '09]

RQé(pl) — RQé(pMPQ) — — RQé(plap27 Co 7pn)
J J J
Ré(pl) — Ré(p17p2) — — Ré(p17p27”° 7pn)

{im Hk(Ré(ph e ,pq;)) — Hk(R25(p17 T 7pz'))}1§i§n




Pairs of Rips Complexes

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

Guarantees: V§ € [2¢, 2 0.(X)),
{Hk (Fa)}aeR and {im Hk (R(S(Pa)) — Hk (RQé(Pa))}aeR are 2co-interleaved:



Pairs of Rips Complexes

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

Guarantees: V§ € [2¢, 2 0.(X)),

{Hy(Fo)Yacr and {im H(R°(P.)) — Hr(R?* (P.))}acr are 2cd-interleaved:
Letting M, = Hy(F,) and N, = im Hy(R°(Pai2cs)) — Hi(R**(Pat2es)),

3 {¢a : Mo — Naoy2cstacr and {¥q 1 No — Mat2c6 facR

s.t. the following diagrams commute Va < §:

My_2¢5 > Mﬁ—l—Zcé a—|—205 — Mﬁ—l—205
Pa—2¢ P
\ 2¢cé / / /
N, —— Ng > N3
M, —— Mg > Mg
%_205 M \ \
Na—2c5 > Nﬁ—l—QccS oz—l—2c:5 — Nﬁ—l—Qcé
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Pairs of Rips Complexes

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

Guarantees: V9 € [2¢, 1 0.(X)),

RQé(pl) — R25(p17p2) — - — R25(p17p27'” 7pn)

J J J

R°(p1) <= R%°(p1,p2) <— - <= R°(p1.p2, - ,pPn)



Pairs of Rips Complexes

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

Guarantees: V4 € [2¢, £ 0.(X)),

NZ(S(pl) — N%(phpz) — = N25(p1,p2,'°' , Pn)
J J J

R*(p1) — R¥(p1,p2) <— - — R*(P1,p2,  ,Pn)
J J J
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J J J
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Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).
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Pairs of Rips Complexes

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

Guarantees: V9 € [2¢, 1 0.(X)),
¢a1—205
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]
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J
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Pairs of Rips Complexes

MQHMB

N*(p1) < N%(Zj?hm) —
AR* (p1) <=| R*(p1,p2) —
J ]
Né(pl) — N(S(p1,p2) —
J ]
R° (p1) —| R° (pl : ]?2) —
J ]
N5/2(p ) — N5/2(p17292) —




Pairs of Rips Complexes

Mea 25 - M5+2C5




Pairs of Rips Complexes

>M5

\ T~

a—|—2c:5 — NB—I—QC(S

— N25(plap27"° 7pn)

J

— R25(p17p y © T 7pn)

— N5(p1’p7... 7pn)
— R6(p17p7”° 7pn)

— N°2(p1,tf2,- -+, Pn)

n—1 = {pla pn}5/2 g {pla T 7pn}25
5



Pairs of Rips Complexes

Ma—|—205 —> Mﬁ—|—205

N2(p17p27 tU 7pn)

J
R*°(p1,p2,- " ,Dn)
J
Né(plapm'“ , D)
]
Ré(pl,pm“' u??n)
J
N5/2(P1,P2,°“ , Pn)
e ,pn}5/2 C {p1,--- ,pn}%



Pairs of Rips Complexes

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

Guarantees: V§ € [2¢, 2 0.(X)),
{Hk (Fa)}aeR and {im Hk (R(S(Pa)) — Hk (RQé(Pa))}aeR are 2co-interleaved:

\U/ [Chazal, Cohen-Steiner, Glisse, Guibas, O. '09]

their persistence diagrams are 2co-close.



Some Results
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Back to the Algorithm

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

Algorithm: choose parameter 0 > 0
1. Sort the data points such that f(p1) < f(p2) < - < f(pn),
2. Fort=1,--- ,n, build 725(191, e ;) C 7225(1?1, o, Di)s

3. Apply the persistence algorithm for images to the pair of filtrations.

R*(p1) — R>(p1,p2) — - — R¥*(p1,p2,-pn)
] J f

Ro(p1) — R°(p1,p2) — -+ = R(p1,p2, ,0n)



Back to the Algorithm

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

Algorithm: choose parameter 0 > 0
1. Sort the data points such that f(p1) < f(p2) < -+ < f(pn),

2. Fori=1,---,m, build R°(p1,--- ,p;) € R*(p1,---,pi),

3. Apply the persistence algorithm for images to the pair of filtrations.
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Obs.: At Oth homology level, the vertical maps induce surjective homomorphisms



Back to the Algorithm

Assume X is a Riemannian manifold, f : X — R is c-Lipschitz,
P is an e-sample of X for some (unknown) 0 < & < $0.(X).

Algorithm: choose parameter 0 > 0

1. Sort the data points such that f(p1) < f(p2) < - < f(pn),

2. Fori=1,---,n, build the 1-skeleton of R?*’(pq,---,pi),

3. Apply the persistence algorithm to the filtration

R*(p1) — R¥(pi,p2) — -+ = R*(p1,p2, " ,pn)

Obs.: At Oth homology level, the vertical maps induce surjective homomorphisms



Basins of Attraction

Goal: approximate basins of attraction of significant peaks of f

— cluster the input point cloud P
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Goal: approximate basins of attraction of significant peaks of f

— cluster the input point cloud P

L W e NN RN R SO IR e L
-y gy LAY e e o e
. . . L 2 "' f- By A e '-““- o ‘_.._
= iyt I L e
& w Y [ S . LI ] = ¥ .
. L/ » - - gy . -u'
= " -
*
-

MUY & l:; - O
L) o % w E - s ¥ -
AN Sl g T =y ‘
- W Y = . - ¥ »
- - "...L“-,,-’ll ;‘ . f = X > . ® hex
- o e =, . -3 o Y . .
% =R e L . S . —
A - - L] . o .
M - g . i - o
- ol r -

e simulate effect of V f by connecting ;-HH,],. s

vertex to highest neighbor in Rips graph T L L LISAS

— gives a forest, the roots of which
are local maxima of f in the graph




Basins of Attraction

Goal: approximate basins of attraction of significant peaks of f

— cluster the input point cloud P

Approach:

e simulate effect of Vf by connecting

vertex to highest neighbor in Rips graph

— gives a forest, the roots of which
are local maxima of f in the graph

e apply O-dimensional algorithm to — f
— clusters are merged by persistence
algorithm (union-find data structure)

e do not merge clusters that are more
persistent than a given threshold 7




Basins of Attraction

Goal: approximate basins of attraction of significant peaks of f

— cluster the input point cloud P
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Application to Shape Segmentation

e Goal: partition a sampled shape into its most natural parts (ill-posed

e Problem is cast into the one of finding a good segmentation function
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Application to Shape Segmentation

e Goal: partition a sampled shape into its most natural parts (ill-posed)
e Problem is cast into the one of finding a good segmentation function

— normalized diameter of nearest boundary points:
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Application to Shape Segmentation

e Goal: partition a sampled shape into its most natural parts (ill-posed)

e Problem is cast into the one of finding a good segmentation function

— an example in 3D:
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Application to Clustering

= [0,1]%; | P| = 100, 000;
= # { data pts in fixed-radius ball }
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Input: X = [0, 1]%; |P| = 100, 000;
= # { data pts in fixed-radius ball }
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Application to Clustering

Main challenges:

e finding the correct number of clusters (separation theorem)
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Main challenges:
e finding the correct number of clusters (separation theorem)

e approximating the basins of attraction (partial approximation result)
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Application to Clustering

Main challenges:
e finding the correct number of clusters (separation theorem)
e approximating the basins of attraction (partial approximation result)

e X may be partially sampled (yet some superlevel-set is well-sampled)
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Application to Clustering

Main challenges:
e finding the correct number of clusters (separation theorem)
e approximating the basins of attraction (partial approximation result)
e X may be partially sampled (yet some superlevel-set is well-sampled)

e density is only known through some noisy estimator (stability results)
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Application to Clustering

Main challenges:
e finding the correct number of clusters (separation theorem)
e approximating the basins of attraction (partial approximation result)
e X may be partially sampled (yet some superlevel-set is well-sampled)
e density is only known through some noisy estimator (stability results)

e pairwise distances are often approximated (GH-stability)

10



Application to Clustering

Back to the Alanine-dipeptide dataset:

_ clustering performed in R*!: persistence diagram plotted on a log/log scale
gp p g p g/10g




Application to Clustering

Back to the Alanine-dipeptide dataset:

_ clustering performed in R*!: persistence diagram plotted on a log/log scale
gp p g p g/10g

Metastability
© oo & oo

T 2 3 4 5 6 T 8
Number of clusters



Interlude: Proof of Stability

= {Qboé . Ma — Na—|—205}a€R and {¢a : Na — Ma—|—2c5}a€R

s.t. the following diagrams commute Va < §:

Mo —2cs > Mg i2cs Mo 1205 — Mpgiacs
Xa_205 V /
N, — > Nj - N, =
M, > Mg > M3
/04_265 M \ \
Noz—205 > NB—|—205 a—|—265 — NB—|—205

11



Interlude: Proof of Stability

= {Qboé . Ma — Na—|—205}a€R and {woz : Na — Ma—|—2c5}a€R

s.t. the following diagrams commute Va < §:

Mo —2cs > Mg i2cs Mo 1205 — Mpgiacs
Xa_gca V /
N, — > Nj - N, c
M, > Mg > M3
%04_265 M \ \
Noz—265 > NB—|—205 oz—i—2c:5 — NB—I—Qcé

Fix g = 0 and consider the following commutative diagram:

HMO >M4c5 >M805H'”
> Nocs > Nocs -
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Interlude: Proof of Stability

o { Mypcstrez is a 4cd-discretization of { M, }acr

—H Ny

: .
e o o == o o o

> Noes > Nocs
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Interlude: Proof of Stability

o { Mypcstrez is a 4cd-discretization of { M, }acr

° {N(4k—|—2)05}k€Z Is a 4co-discretization of {Na}QER
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Interlude: Proof of Stability

o { Mypcstrez is a 4cd-discretization of { M, }acr

° {N(4k—|—2)05}k€Z Is a 4co-discretization of {NQ}QER

® {Mupcstrez and {Nap19)c5 frez are 4ceo-discretizations of

'HMOHN205HM465_>N605HM865H"'
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Interlude: Proof of Stability

o { Mypcstrez is a 4cd-discretization of { M, }acr

° {N(4k—|—2)c5}k€Z Is a 4co-discretization of {NQ}QER

® {Mupcstrez and {Nap19)c5 frez are 4ceo-discretizations of

'HMOHNQCCSHMZLCCS_>N6c5_>M865H"'

— goal: relate diagrams of persistence module and of its 4co-discretizations
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Interlude: Proof of Stability

— Effect of the discetization of a module on its persistence diagram:
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Interlude: Proof of Stability

— Effect of the discetization of a module on its persistence diagram:

Pixelization map: Va < g3,
([ 425140, [ 455 14c8) if [£51 > [ 425

(%55, %52) if T3] = 355

g™ T 7T4c5(a,ﬁ){
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Interlude: Proof of Stability

— Effect of the discetization of a module on its persistence diagram:

Pixelization map: Va < g3,

— ([ 42146, [£214c8) if [2] > [12]

7T465(()é,ﬁ) —
(932, 258) if [ 51 = 3551

Theorem: m4.5 induces a multi-bijection

— proof: show that the multiplicities of both
diagrams are the same inside each half-open grid
cell that does not intersect the diagonal.

The case of diagonal cells is trivial. - (1)e
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Interlude: Proof of Stability

— Effect of the discetization of a module on its persistence diagram:

Pixelization map: Va < g3,

(1421468, [12:14¢8) if [-2:] > [1%]

B 7T4c5(a76) {

(552, 252) if [551 = 4351

Theorem: m4.5 induces a multi-bijection

= the bottleneck distance is at most 4¢o
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Interlude: Proof of Stability

o { Mypcstrez is a 4cd-discretization of { M, }acr

° {N(4k—|—2)05}k€Z Is a 4co-discretization of {NQ}QER

® {Mupcstrez and {Nap19)c5 frez are 4ceo-discretizations of

'HMOHN205HM465_>N605HM865H"'

— theorem + triangle inequality = dg’(Dgm { Mg}, Dgm { N, }o) < 160

HMO >M4c5 >M805H”°
> Nacs > Nocs -
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Interlude: Proof of Stability

o { Mypcstrez is a 4cd-discretization of { M, }acr

® {Nukt2)es frez is a 4cd-discretization of { Ny }facr

® {Mupes trez and {Nupy2)cs trez are 4cd-discretizations of

’HMOHN265HM405_>N605_>M865%"'

— theorem + triangle inequality = dg’ (Dgm { My}, Dgm { Ny }o) < 16¢0

Improvement:

dg’(Dgm {M,}.,Dgm {N,}ta) < 60

11



Some References

[1] Chazal, Cohen-Steiner, Glisse, Guibas, O., Proximity of per-
sistence modules and their diagrams, Proc. SoCG 20009.

2] Chazal, Guibas, O., Skraba, Analysis of scalar fields over point
cloud data, Proc. SODA 2009.

[3] Chazal, Guibas, O., Skraba, " Persistence-Based Clustering in
Riemannian Manifolds”, INRIA Research report 6968, June 2009.

— code integrated to the CULT library (many thanks to P. Skraba)
https://gforge.inria.fr/projects/cult/



