
Stability of Persistence Diagrams

Application to Scalar Fields Analysis

Steve Y. Oudot — Geometrica group, INRIA Saclay – Île-de-France
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it is among the simplest amino-acids - ”N” means ”nitrogen”

a toy example to test clustering methods in biocomputing

RMSD is the natural distance between conformations. It corresponds to the residual of the best rigid transform mapping one conformation onto
the other

the light atoms are only involved in weak bonds

3 coordinates per heavy atom

The Alanine-Dipeptide Dataset

- 7 heavy atoms (C, N) and 13 light atoms (O, H)

The alanine-dipeptide:

- only the 7 heavy atoms play a role in conformational dynamics

→ each conformation is represented as a point in R21

- conformation space endowed with Root Mean-Squared Deviation (RMSD)

(from [Chodera et al. 2007], courtesy of the Folding@Home project)
1



it is among the simplest amino-acids - ”N” means ”nitrogen”

a toy example to test clustering methods in biocomputing

the structure of the molecule makes it so that only these two angles can change

RMSD is the natural distance between conformations. It corresponds to the residual of the best rigid transform mapping one conformation onto
the other

the light atoms are only involved in weak bonds

3 coordinates per heavy atom

The Alanine-Dipeptide Dataset

- 7 heavy atoms (C, N) and 13 light atoms (O, H)

The alanine-dipeptide:

- only the 7 heavy atoms play a role in conformational dynamics

→ each conformation is represented as a point in R21

- conformation space endowed with Root Mean-Squared Deviation (RMSD)

- underlying free energy landscape exhibits 6 major minima (metastable states)

- only two relevant DOFs (angles φ, ψ)

(from [Chodera et al. 2007], courtesy of the Folding@Home project)
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a toy example to test clustering methods in biocomputing

φ

ψ

The Alanine-Dipeptide Dataset

- 192,000 points in R21 obtained from simulations at picosecond scale

Input:

- RMSD used as distance between conformations

0
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a toy example to test clustering methods in biocomputing

φ

ψ

The Alanine-Dipeptide Dataset

- 192,000 points in R21 obtained from simulations at picosecond scale

Input:

- RMSD used as distance between conformations

Goal:
- cluster data into metastable states

- states gathered into Markovian model

- enables simulations at millisecond scale

0

0
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thus, dimensionality reduction is made really difficult

a toy example to test clustering methods in biocomputing

φ

ψ

The Alanine-Dipeptide Dataset

- 192,000 points in R21 obtained from simulations at picosecond scale

Input:

- RMSD used as distance between conformations

Goal:
- cluster data into metastable states

- states gathered into Markovian model

- enables simulations at millisecond scale

Challenges:

- low-dim. data embedded in higher dim.

- ambient space is non-Euclidean

- prominences of density peaks differ a lot
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0

- non-trivial topology
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thus, dimensionality reduction is made really difficult

a toy example to test clustering methods in biocomputing

φ

ψ

The Alanine-Dipeptide Dataset

- 192,000 points in R21 obtained from simulations at picosecond scale

Input:

- RMSD used as distance between conformations

Goal:
- cluster data into metastable states

- states gathered into Markovian model

- enables simulations at millisecond scale

Challenges:

- low-dim. data embedded in higher dim.

- ambient space is non-Euclidean

- prominences of density peaks differ a lot

0

0

- non-trivial topology

previous attempts needed to tweak existing clustering techniques (e.g. spectral cluster-
ing) to adapt them to the data. The Applied Topology group at Stanford combined a
nice landmarking strategy with spectral clustering, but then retrieving the delicate low-
density clusters was really difficult. In contrast, our approach was applied out-of-the-box
and actually got slightly better results. Courtesy of Jian Sun and Yuan Yao...

previous attempts took ≥ week of tweaking

our approach worked out of the box (10 minutes)
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I am making the weakest possible assumptions on the input, simply because it is often that data come in the form of a distance matrix, nothing more,
in practice

2

Our Formalism

- points are drawn from an unknown probability distribution of density f : X→ R

- sole input: the pairwise geodesic distances between the data points

- X is a Riemannian manifold



I am making the weakest possible assumptions on the input, simply because it is often that data come in the form of a distance matrix, nothing more,
in practice

theoretical goal: relate the prominent peaks of f̂ to the peaks of f ; mode-seeking techniques like Mean-Shift use this formalism

2

Our Formalism

- points are drawn from an unknown probability distribution of density f : X→ R

- approximate f through some density estimator f̂

- cluster data points according to basins of attraction of prominent peaks of f̂

density

estimation

- sole input: the pairwise geodesic distances between the data points

- X is a Riemannian manifold



so basically, the input is just a distance matrix and a vector of function values, a scenario that is quite common in practice (cf. the bio dataset)

3

Link with Scalar Fields Analysis

Setting: X a metric space, f : X→ R a regular function

R

X

f

P a finite point cloud in X

P

Input: pairwise distances between points of P , values of f at P



so basically, the input is just a distance matrix and a vector of function values, a scenario that is quite common in practice (cf. the bio dataset)

of course these a notoriously unstable, so we will not get much
information about them, mainly the rough location of the basins
of attractions of the peaks or valleys, which is already enough
for doing clustering.
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Link with Scalar Fields Analysis

Setting: X a metric space, f : X→ R a regular function

Goal: Analyze the topological structure of f :

- persistence diagrams

- stable/unstable manifolds

R

X

f

P a finite point cloud in X

P

Input: pairwise distances between points of P , values of f at P



with a triangulation of X we could build a PL approximation of f ,
whose sublevel-sets would approximate the sublevel-sets of f . Here,
we cannot do that, so we need to replace PL approximations of the
sublevel-sets of f by something else... and that something else is
simply a union of metric balls

so basically, the input is just a distance matrix and a vector of function values, a scenario that is quite common in practice (cf. the bio dataset)

so here we want to approximate the persistence diagrams of f in a setting where the space cannot be triangulated

of course these a notoriously unstable, so we will not get much
information about them, mainly the rough location of the basins
of attractions of the peaks or valleys, which is already enough
for doing clustering.

3

Link with Scalar Fields Analysis

Setting: X a metric space, f : X→ R a regular function

Goal: Analyze the topological structure of f :

- persistence diagrams

- stable/unstable manifolds

R

X

f

P a finite point cloud in X

P

Input: pairwise distances between points of P , values of f at P

No triangulation of X is available



→ idea: approximate each sublevel set Fα by the corresponding union of ε-geodesic balls centered at the points of Pα

4

Unions of Balls

P is an ε-sample of X for some (unknown) ε > 0.

Fα := f−1((−∞, α])

Fα

∀α ∈ R, P εα ⊆ Fα+cε

Pα := P ∩ Fα
P εα :=

S
p∈Pα BX(p, ε)

Assume X is a metric space, f : X→ R is c-Lipschitz,
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→ idea: approximate each sublevel set Fα by the corresponding union of ε-geodesic balls centered at the points of Pα

4

Unions of Balls

P is an ε-sample of X for some (unknown) ε > 0.

Fα := f−1((−∞, α])

Fα

Fα+cε

∀α ∈ R, P εα ⊆ Fα+cε

ε

Pα := P ∩ Fα
P εα :=

S
p∈Pα BX(p, ε)

Assume X is a metric space, f : X→ R is c-Lipschitz,

and Fα ⊆ P εα+cε



→ idea: approximate each sublevel set Fα by the corresponding union of ε-geodesic balls centered at the points of Pα

4

Unions of Balls

P is an ε-sample of X for some (unknown) ε > 0.

Fα := f−1((−∞, α])

Fα

Fα+cε

∀α ∈ R, P εα ⊆ Fα+cε

ε

Pα := P ∩ Fα
P εα :=

S
p∈Pα BX(p, ε)

the nested families of spaces
{Fα}α∈R and {P εα}α∈R

are cε-interleaved w.r.t. inclusion

⇓
their persistence diagrams are cε-close in d∞B .

Assume X is a metric space, f : X→ R is c-Lipschitz,

[Chazal, Cohen-Steiner, Glisse, Guibas, O. ’09]

and Fα ⊆ P εα+cε

[Cohen-Steiner, Edelsbrunner, Harer ’05]
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4

Unions of Balls

P is an ε-sample of X for some (unknown) ε > 0.

Algorithm:

1. Sort the data points such that f(p1) ≤ f(p2) ≤ · · · ≤ f(pn),

2. For i = 1, · · · , n, build the union of balls {p1, · · · , pi}δ,

choose parameter δ ≥ 0

Assume X is a metric space, f : X→ R is c-Lipschitz,

{p1}δ ↪→ {p1, p2}δ ↪→ {p1, p2, p3}δ ↪→ · · · ↪→ {p1, p2, · · · , pn}δ

3. Compute the persistent homology of the nested family of spaces:



this is to apply the persistence algorithm, which works only on simplicial filtrations

4

Unions of Balls

P is an ε-sample of X for some (unknown) ε > 0.

Algorithm:

1. Sort the data points such that f(p1) ≤ f(p2) ≤ · · · ≤ f(pn),

2. For i = 1, · · · , n, build the union of balls {p1, · · · , pi}δ,

or equivalently its nerve N δ(p1, · · · , pi),

choose parameter δ ≥ 0

N δ(p1) ↪→ N δ(p1, p2) ↪→ N δ(p1, p2, p3) ↪→ · · · ↪→ N δ(p1, p2, · · · , pn)

Assume X is a metric space, f : X→ R is c-Lipschitz,

3. Compute the persistent homology of the nested family of spaces:

Riemannian manifold

0 < ε < %c(X)



this is to apply the persistence algorithm, which works only on simplicial filtrations

δ has to be large enough, so that the δ-balls cover X. On the other hand, the larger δ, the less accurate the approximation.

4

Unions of Balls

P is an ε-sample of X for some (unknown) ε > 0.

Algorithm:

1. Sort the data points such that f(p1) ≤ f(p2) ≤ · · · ≤ f(pn),

2. For i = 1, · · · , n, build the union of balls {p1, · · · , pi}δ,

or equivalently its nerve N δ(p1, · · · , pi),

→ if ε ≤ δ < %c(X), we obtain a cδ-approximation of the diagram of f in d∞B

choose parameter δ ≥ 0

N δ(p1) ↪→ N δ(p1, p2) ↪→ N δ(p1, p2, p3) ↪→ · · · ↪→ N δ(p1, p2, · · · , pn)

Assume X is a metric space, f : X→ R is c-Lipschitz,

3. Compute the persistent homology of the nested family of spaces:

Riemannian manifold

0 < ε < %c(X)



this is to apply the persistence algorithm, which works only on simplicial filtrations

4

Unions of Balls

P is an ε-sample of X for some (unknown) ε > 0.

Algorithm:

1. Sort the data points such that f(p1) ≤ f(p2) ≤ · · · ≤ f(pn),

2. For i = 1, · · · , n, build the union of balls {p1, · · · , pi}δ,

or equivalently its nerve N δ(p1, · · · , pi),

choose parameter δ ≥ 0

N δ(p1) ↪→ N δ(p1, p2) ↪→ N δ(p1, p2, p3) ↪→ · · · ↪→ N δ(p1, p2, · · · , pn)

Assume X is a metric space, f : X→ R is c-Lipschitz,

3. Compute the persistent homology of the nested family of spaces:

Riemannian manifold

0 < ε < %c(X)
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5

Pairs of Rips Complexes

→ apply sandwitching idea from [Chazal, O. 08]:

∀i = 1, · · · , n, replace N δ(p1, · · · , pi) by

P is an ε-sample of X for some (unknown) 0 < ε < 1
4%c(X).

Assume X is a Riemannian manifold, f : X→ R is c-Lipschitz,

Rδ(p1, · · · , pi) ⊆ N δ(p1, · · · , pi) ⊆ R2δ(p1, · · · , pi)



purple = what changes compared to previous algorithm

5

Pairs of Rips Complexes

Algorithm:

1. Sort the data points such that f(p1) ≤ f(p2) ≤ · · · ≤ f(pn),

2. For i = 1, · · · , n, build Rδ(p1, · · · , pi) ⊆ R2δ(p1, · · · , pi),

3. Apply the persistence algorithm for images to the pair of filtrations.

choose parameter δ ≥ 0

[Cohen-Steiner, Edelsbrunner, Harer, Morozov ’09]

R2δ(p1) ↪→ R2δ(p1, p2) ↪→ · · · ↪→ R2δ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

Rδ(p1) ↪→ Rδ(p1, p2) ↪→ · · · ↪→ Rδ(p1, p2, · · · , pn)

P is an ε-sample of X for some (unknown) 0 < ε < 1
4%c(X).

Assume X is a Riemannian manifold, f : X→ R is c-Lipschitz,



purple = what changes compared to previous algorithm
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Pairs of Rips Complexes

Algorithm:

1. Sort the data points such that f(p1) ≤ f(p2) ≤ · · · ≤ f(pn),

2. For i = 1, · · · , n, build Rδ(p1, · · · , pi) ⊆ R2δ(p1, · · · , pi),

3. Apply the persistence algorithm for images to the pair of filtrations.

choose parameter δ ≥ 0

[Cohen-Steiner, Edelsbrunner, Harer, Morozov ’09]

R2δ(p1) ↪→ R2δ(p1, p2) ↪→ · · · ↪→ R2δ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

Rδ(p1) ↪→ Rδ(p1, p2) ↪→ · · · ↪→ Rδ(p1, p2, · · · , pn)

P is an ε-sample of X for some (unknown) 0 < ε < 1
4%c(X).

Assume X is a Riemannian manifold, f : X→ R is c-Lipschitz,

{im Hk(Rδ(p1, · · · , pi))→ Hk(R2δ(p1, · · · , pi))}1≤i≤n



here, interleaved is in some generalized sense, because arrows of the diagrams may not represent inclusions -¿ see paper

5

Pairs of Rips Complexes

{Hk(Fα)}α∈R and {im Hk(Rδ(Pα))→ Hk(R2δ(Pα))}α∈R are 2cδ-interleaved:

Guarantees:

P is an ε-sample of X for some (unknown) 0 < ε < 1
4%c(X).

Assume X is a Riemannian manifold, f : X→ R is c-Lipschitz,

∀δ ∈ [2ε, 1
2
%c(X)),
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Pairs of Rips Complexes

{Hk(Fα)}α∈R and {im Hk(Rδ(Pα))→ Hk(R2δ(Pα))}α∈R are 2cδ-interleaved:

Guarantees:

P is an ε-sample of X for some (unknown) 0 < ε < 1
4%c(X).

Assume X is a Riemannian manifold, f : X→ R is c-Lipschitz,

∀δ ∈ [2ε, 1
2
%c(X)),

Letting Mα = Hk(Fα) and Nα = im Hk(Rδ(Pα+2cδ))→ Hk(R2δ(Pα+2cδ)),

∃ {φα : Mα → Nα+2cδ}α∈R and {ψα : Nα →Mα+2cδ}α∈R

s.t. the following diagrams commute ∀α ≤ β:

Mα−2cδ

''OOOOOOO
// Mβ+2cδ

Nα // Nβ

77ppppppp

Mα+2cδ
// Mβ+2cδ

Nα //

77ooooooo
Nβ

66mmmmmmmm

Mα
// Mβ

''OOOOOOO

Nα−2cδ

77ooooooo
// Nβ+2cδ

Mα
//

''OOOOOOO Mβ

((QQQQQQQQ

Nα+2cδ
// Nβ+2cδ

φα−2cδ

φβ φα
φβ

ψβ ψα ψβ

ψα−2cδ
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Pairs of Rips Complexes

Guarantees:

P is an ε-sample of X for some (unknown) 0 < ε < 1
4%c(X).

Assume X is a Riemannian manifold, f : X→ R is c-Lipschitz,

∀δ ∈ [2ε, 1
2
%c(X)),

R2δ(p1) ↪→ R2δ(p1, p2) ↪→ · · · ↪→ R2δ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

Rδ(p1) ↪→ Rδ(p1, p2) ↪→ · · · ↪→ Rδ(p1, p2, · · · , pn)



nerves are interleaved with Rips complexes
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Assume X is a Riemannian manifold, f : X→ R is c-Lipschitz,

∀δ ∈ [2ε, 1
2
%c(X)),



Nerves are related to their dual unions of balls, which are interleaved with the sublevel sets of f

By doing diagram chasing in this big (partially commutative) diagram, we can prove that {Fα}α∈R and {Rδ(Pα) ↪→ R2δ(Pα)}α∈R are 2cδ-interleaved (cf. next view)

nerves are interleaved with Rips complexes
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the bound of this theorem has been improved since the writing of the final version of the SODA paper.

here, interleaved is in some generalized sense, because arrows of the diagrams may not represent inclusions -¿ see paper

5

Pairs of Rips Complexes

{Hk(Fα)}α∈R and {im Hk(Rδ(Pα))→ Hk(R2δ(Pα))}α∈R are 2cδ-interleaved:

⇓
their persistence diagrams are 2cδ-close.

[Chazal, Cohen-Steiner, Glisse, Guibas, O. ’09]

Guarantees:

P is an ε-sample of X for some (unknown) 0 < ε < 1
4%c(X).

Assume X is a Riemannian manifold, f : X→ R is c-Lipschitz,

∀δ ∈ [2ε, 1
2
%c(X)),
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β0 =¿ 4 prominent peaks; β1 =¿ their basins are ring-shaped + they form another loop once connected; β2 =¿ the space X has a torus shape.
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Algorithm:

1. Sort the data points such that f(p1) ≤ f(p2) ≤ · · · ≤ f(pn),

2. For i = 1, · · · , n, build Rδ(p1, · · · , pi) ⊆ R2δ(p1, · · · , pi),

3. Apply the persistence algorithm for images to the pair of filtrations.

choose parameter δ ≥ 0

R2δ(p1) ↪→ R2δ(p1, p2) ↪→ · · · ↪→ R2δ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

Rδ(p1) ↪→ Rδ(p1, p2) ↪→ · · · ↪→ Rδ(p1, p2, · · · , pn)

7

Back to the Algorithm

P is an ε-sample of X for some (unknown) 0 < ε < 1
4%c(X).

Assume X is a Riemannian manifold, f : X→ R is c-Lipschitz,



the vertices of R2δ(Pα) are also vertices of Rδ(Pα), so the 0th homology
generators are already present in the corresponding homology groups of the
smaller complex
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Obs.: At 0th homology level, the vertical maps induce surjective homomorphisms
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the 1-skeleton of



In fact, we get the basins of attraction almost for free, as a by-product of our approach.

8

Basins of Attraction

Goal: approximate basins of attraction of significant peaks of f

→ cluster the input point cloud P



here, by peak of f we mean a local maximum within the Rips graph
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Goal: approximate basins of attraction of significant peaks of f

→ cluster the input point cloud P

Approach:

• simulate effect of ∇f by connecting
vertex to highest neighbor in Rips graph
→ gives a forest, the roots of which

are local maxima of f in the graph
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In fact, we get the basins of attraction almost for free, as a by-product of our approach.
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Basins of Attraction

Goal: approximate basins of attraction of significant peaks of f

→ cluster the input point cloud P

Approach:

• simulate effect of ∇f by connecting
vertex to highest neighbor in Rips graph
→ gives a forest, the roots of which

are local maxima of f in the graph

• apply 0-dimensional algorithm to −f
→ clusters are merged by persistence
algorithm (union-find data structure)

• do not merge clusters that are more
persistent than a given threshold τ



if the peaks of f are sufficiently prominent compared to the level of noise
induced by the sampling, then there will provably be a gap between signal
and noise in the diagram⇒ the correct number of clusters can be inferred
by the user.

In fact, we get the basins of attraction almost for free, as a by-product of our approach.
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Basins of Attraction

Goal: approximate basins of attraction of significant peaks of f

→ cluster the input point cloud P
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tence diagram to choose τ (two runs)
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Application to Shape Segmentation

• Problem is cast into the one of finding a good segmentation function

• Goal: partition a sampled shape into its most natural parts (ill-posed)

→ distance ot the boundary:
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Application to Shape Segmentation

• Problem is cast into the one of finding a good segmentation function

• Goal: partition a sampled shape into its most natural parts (ill-posed)

→ an example in 3D:



10

Application to Clustering

Input: X = [0, 1]2; |P | = 100, 000;

f̂ = # { data pts in fixed-radius ball }
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Main challenges:

• finding the correct number of clusters (separation theorem)

• approximating the basins of attraction (partial approximation result)
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the more points are sampled, the wider the well-sampled superlevel-set
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Application to Clustering

• X may be partially sampled (yet some superlevel-set is well-sampled)

• density is only known through some noisy estimator (stability results)

• pairwise distances are often approximated (GH-stability)

Main challenges:

• finding the correct number of clusters (separation theorem)

• approximating the basins of attraction (partial approximation result)



the persistence diagram shows 7 prominent peaks (on a log/log scale); this observation is confirmed by the average metastability of the clusters,
which remains stable until 7 clusters. Our clusters turn out to be very ”nice” (no ”bleeding” effect at the borders).

the log/log scale plot avoids the ”squeezing” effect due to the multi-scale structure of the density

this slide serves as a conclusion

10

Application to Clustering

Back to the Alanine-dipeptide dataset:

- clustering performed in R21; persistence diagram plotted on a log/log scale
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Interlude: Proof of Stability

∃ {φα : Mα → Nα+2cδ}α∈R and {ψα : Nα →Mα+2cδ}α∈R

s.t. the following diagrams commute ∀α ≤ β:

φα−2cδ

φβ φα
φβ

ψβ ψα ψβ

ψα−2cδ

Mα−2cδ

''OOOOOOO
// Mβ+2cδ

Nα // Nβ

77ppppppp

Mα+2cδ
// Mβ+2cδ

Nα //

77ooooooo
Nβ

66mmmmmmmm

Mα
// Mβ

''OOOOOOO

Nα−2cδ

77ooooooo
// Nβ+2cδ

Mα
//

''OOOOOOO Mβ

((QQQQQQQQ

Nα+2cδ
// Nβ+2cδ
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∃ {φα : Mα → Nα+2cδ}α∈R and {ψα : Nα →Mα+2cδ}α∈R

s.t. the following diagrams commute ∀α ≤ β:

φα−2cδ

φβ φα
φβ

ψβ ψα ψβ

ψα−2cδ

Fix α0 = 0 and consider the following commutative diagram:

· · · // M0
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· · · //
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Interlude: Proof of Stability

· · · // M0

&&MMMMMM
// M4cδ

''OOOOOO
// M8cδ

&&MMMMMM
// · · ·

· · · //

99rrrrrr
N2cδ

//

77oooooo
N6cδ

//

77oooooo
· · ·

ψ6cδψ−2cδψ−2cδ ψ2cδφ0 φ4cδ φ8cδ

• {M4kcδ}k∈Z is a 4cδ-discretization of {Mα}α∈R

• {N(4k+2)cδ}k∈Z is a 4cδ-discretization of {Nα}α∈R

• {M4kcδ}k∈Z and {N(4k+2)cδ}k∈Z are 4cδ-discretizations of

· · · →M0 → N2cδ →M4cδ → N6cδ →M8cδ → · · ·

→ goal: relate diagrams of persistence module and of its 4cδ-discretizations
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Interlude: Proof of Stability

→ Effect of the discetization of a module on its persistence diagram:

4cδ

Pixelization map: ∀α ≤ β,

π4cδ(α, β) =

8<:
(d α

4cδ
e4cδ, d β

4cδ
e4cδ) if d β

4cδ
e > d α

4cδ
e

(α+β
2
, α+β

2
) if d β

4cδ
e = d α

4cδ
e



this is intuitively obvious from the definition of
π4cδ, but formally one needs to deal with a few
technicalities
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Interlude: Proof of Stability

→ Effect of the discetization of a module on its persistence diagram:

4cδ

Pixelization map: ∀α ≤ β,

π4cδ(α, β) =

8<:
(d α

4cδ
e4cδ, d β

4cδ
e4cδ) if d β

4cδ
e > d α

4cδ
e

(α+β
2
, α+β

2
) if d β

4cδ
e = d α

4cδ
e

Theorem: π4cδ induces a multi-bijection

→ proof: show that the multiplicities of both
diagrams are the same inside each half-open grid
cell that does not intersect the diagonal.

(3)

(1)
(1)

(1)

The case of diagonal cells is trivial.
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Interlude: Proof of Stability

→ Effect of the discetization of a module on its persistence diagram:

4cδ

Pixelization map: ∀α ≤ β,

π4cδ(α, β) =

8<:
(d α

4cδ
e4cδ, d β

4cδ
e4cδ) if d β

4cδ
e > d α

4cδ
e

(α+β
2
, α+β

2
) if d β

4cδ
e = d α

4cδ
e

Theorem: π4cδ induces a multi-bijection

⇒ the bottleneck distance is at most 4cδ
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→ theorem + triangle inequality ⇒ d∞B (Dgm {Mα}α,Dgm {Nα}α) ≤ 16cδ
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Interlude: Proof of Stability

• {M4kcδ}k∈Z is a 4cδ-discretization of {Mα}α∈R

• {N(4k+2)cδ}k∈Z is a 4cδ-discretization of {Nα}α∈R

• {M4kcδ}k∈Z and {N(4k+2)cδ}k∈Z are 4cδ-discretizations of

· · · →M0 → N2cδ →M4cδ → N6cδ →M8cδ → · · ·

→ theorem + triangle inequality ⇒ d∞B (Dgm {Mα}α,Dgm {Nα}α) ≤ 16cδ

Improvement:

d∞B (Dgm {Mα}α,Dgm {Nα}α) ≤ 6cδ
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Some References

→ code integrated to the CULT library (many thanks to P. Skraba)

https://gforge.inria.fr/projects/cult/


