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Overview

@ d-Top, the category of directed spaces.

@ Lattice structure on d-Top

@ Relative directed structure

@ The main example: The n-cube minus a forbidden region.
@ Conclusion, further work.
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Definition
Objects of d-Top are d-Spaces: (X, IS(X)) where X € Top,
P(X) C X', the dipaths. P(X) is

@ closed under concatenation,

@ contains the constant paths
@ closed under subpath, i.e., composition with f : | — |
increasing but not necessarily surjective.
Ad-mapf:X —Y is a continuous map satisfying
yePX)=foyeP(Y)
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Hierarchy of d-structures

Let X be a topological space.

P(X) c 2X' the set of possible d-structures on X.
Partial order on P(X):

P(X) < Q(X)ifid : (X,P(X)) — (X,Q(X)) is a d-map.

Extensjon: If 7,0 are topologies on the underlying set of X and
(X,7,P)and (X,0,Q) are d-spaces

— —

(X,7,P) < (X,0,Q) if the identity map is a d-map.
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Lattice properties

For P,Q € P(X) define
@ JoinP v Q= (PU 6)* where —* is closure under
concatenation and reparametrization.
o MeetlsA(j:I?’m(j
@ Bottom: L is the set of constant paths.
@ Top: T = X!
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Lattice properties

Proposition

(P(X), <) is a complete distributive lattice.

Completeness: For a subset I5,-,j c€J

@ The join \/;, I5J- = U 5j)* where —* is closure under
finite concatenation.
@ Meet is the intersection.
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Sketch of proof

Distributivity: Need

5 V(QAR)=(PVQ)A(PVR)

e. (PU(QNR))* =P uUQ) n(PUR)
C: Lety = (71*72 “Yn )oa wherewi cp and i1 € (3 NR.
ThenyeP\/QandyeP\/R
D= (e pg e x i) o @, pak € Q, [i2k+1 € P
and 1 = (ny * 12+ xm) o B where ny € R, naiy1 € P.
We may assume « and 3 are piecewise linear (changing the
subintervals, where y; and n, are defined.)
Use a common subdivision 0 =ty <t; <t,... <ty =1, of
[0,1] s.t. It t41] is a restriction of some pr and some 7s. Then
Kt g.] IS in either PP, PR, QNP or QNR and we are
done.
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Complements

P={yeX'IVti St €l € P ([t t]) = 7(ta)}

ﬁP is a pseudo complement
~P AP =1 but-P VP # T (Ex. (t,tsin(1/t)))

P ={yeX'|ty <tp €13t],t) : ty <t <t) <ty Y|y € P}

P C ——P (Ex: Fractal saw tooth curve)

Lisbeth Fajstrup A Hierarchy of directed structures



Complements

Let P be closed in X' wrt. the co-topology. Let —“ be closure
under infinite concatenation (and reparametrization and
subpath). Then

(Pv-P)” =X

l.e. -Pisa complement in the lattice structure where join
implies infinite concatenation. Perhaps a d-structure should be
closed under (—)~

BUT P closed => —P is not closed.
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Forbidden areas and d-structures

An adjunction . : 2X < P(X) : v
FcX

w(F) = {y e X'|I"(1) N F # 0 = ~constant}

wu(F) is the maximal set of paths which do not enter F except
for the constant paths. For Q € P(X)

v(Q) = {x € X|Q(x,—) = Q(=,x) =}
1/(6) is the set af fixed points.

F1 € Fo = p(F1) 2 u(F2)

Q1 € Q2 = »(Q1) 2 ¥(Qz)

1 and v are decreasing
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Galois connection.

1 is a right (upper) adjoint to v

12 (2%, inclusion)® < (P(X),inclusion) : v

(u,v) is a Galois connection.

Proof: Q C w(F) < v(@) DO F -justcheckit...
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Forbidden area F
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d-structures on the n-cube.

Orders on the interval: I: standard order
| t<sforallt,s el
Induces partial orders - hence d-structures on I":

—h—k
x|
Hierarchy irlduced by rgT as d-structures.
Given X = I"\ F - model for PV -programs.
Study

Ix T x-x [ x-~~xr\F

The partial order is relaxed in the j'th coordinate.
(X1, -5 Xn) < (Y1,.--Yn) if X <y forallk #j.
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Applications

Reversible Computing.

@ Vincent Danos, Jean Krivine: Reversible Communicating
Systems. RCCS - reversible CCS.

@ V. Danos, J. Krivine, P. Sobocinski General Reversibility.
Questions:

@ Does reversing give more equivalences of dipaths - i.e.
easier to verify.

@ More (equivalence classes of) dipaths - i.e., a program with
more possible outputs. Higher expressiveness.

A geometric model for backtracking ?
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2d examples

(1,1) (1,1)

©o0 ©0
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2d examples

(1,1) (1,1)

©o (0,0)
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2d examples

(1,1) (1,1)

(0,0) = (0,0)
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2d examples

(1,1) (1,1)

(0,0) - (0,0) -
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3d examples
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3d examples
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3d examples
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Dipaths in 3D-example
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Dipaths in 3D-example

(1,1,1)

(0,0,0)
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Dipaths in 3D-example

(0,0,0)

(1,1,1)
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Dipaths in 3D-example

(1,2,2)

(0,0,0) (1,1,2)

(0,0,0)

Two non-equivalent dipaths. In front of and behind blue cube
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Dipaths in 3D-example

(0,0,0) (1,1,1)

(0,0,0)

Two non-equivalent dipaths. In front of and behind blue cube
Now equivalent, when releasing third coordinate.
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Path- and trace- spaces

Let X =D \ F. <l is X with d-structure relaxing the j'th
coordinate.
The hierarchy of d-structures:

<—>172 <«

7
n’ Induces a
hierarchy - via inclusion - of dipath spaces and trace spaces.
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P(X,Xo,x1) dipaths from xo to X;. P(«~'4,0, 1) the set of
dipaths wrt. <"},
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Relative homology

P(X,0,1) c P(<',0,1). Hence
— Hir1(P(X)) = Hipa (P (")) = Hira (P ('), P(X)) — Hi(P(X) —

And for the triple P(X,0,1) ¢ P(«',0,1) c P(«<"1,0,1)
P(X,0,1) c P(«+',0,1). Hence

= Hipa(=1, P(X)) = Hia(P (=M, P(X))) — Hicya (P(="), P(=")) -

Dihomotopy classes are connected components of the path
space, i.e., seen from Hp.
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Back to examples

Lisbeth Fajstrup

(0,0,0)

(0,0,0)
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(1,1,1)

(1,1,1)




Back to examples

(1,2,2)

(0,0,0) (1,1,2)

P(X,0,1) =St L} _; =
P(<%) =UL;S! (0,0,0)
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Homology sequence for the example

- H1(P(X)) — Hi(P() — Hi(P(~°), P(X))
— Ho(P(X) — HO(P(Hg)) -
(1,1,1)

(0,0,0)
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Homology sequence for the example

ZS — Z4 — HO(P(<—>3), P(X)) =0
(1,1,

(0,0,07he obstruction to a homotopy between front and back of the
blue cube is along the 3'rd axis.
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Two wedges
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Two wedges
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Reachability analysis

A B CDEFGHA
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Reachability analysis

A B CDEFGHA
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Reachability analysis

G

< A punctured torus

A B CDEFGHA
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Reachability analysis

] A punctured torus

A B CDEFGHA
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Reachability analysis

G

< A punctured torus
] A punctured torus

A B CDEFGHA
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Two wedges - connected
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Reachability analysis

A B CDEFGHA
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Reachability analysis

A B CDEFGHA
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Reachability analysis

A B CDEFGHA
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Reachability analysis

A B CDEFGHA
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Reachability analysis

A B CDEFGHA
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Let the forbidden area be a spiral/helix along the z-axis (several
wedges connected). Then the directed paths through the spiral
require reversing both the first and second coordinate to be
connected to the directed path following the surface of the cube
- avoiding the spiral.
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Deadlocks

Definition

A connected subset D of X = I"\ F is a deadzone wrt. the
order MK x Tk ifforalld € D and ~y: (I,0,1) — (X,d, ),
@ 4(t)eD
@ 9j(t) is constantfor 1 <j <n—k

Fixad € D. Then D is a subset of the hypersurface x; = d
1<j<n-k.
If we consider paths from 0 to 1, we require 1 ¢ D.
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Deadzones - one free coordinate

Let X = I"\ F with partial order -1y 1. F = UR/,
R — [albi] x -+ x [, b}

Calculating Deadzone

LetRin...ARh-1AR*and RN ---NRh-1 1R~ be
nonempty. Suppose
@ Riin...ARh-1NRT =[4,b] x [aT,b*], where [&,b] is the
generalized interval, an n-1 dimensional rectangle.
@ Riin...ARh-1NR~ =[4,b] x [a~,b7]
Ifb~ < at, then [4,b] x [b—,a"] is a deadzone, ifitis in X \ F

v

The point (&,a™) is a deadlock wrt. the order 1™,
The point (&,b™) is a deadlock wrt. the order n=1x .
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Deadzones - general

DcX\F,DCcH={x|x;=dj,1<j<n-k}isadeadzone
. <k
wrt. I"Kx | ifthereisane > 0 s.t.

@ forxcDandforj=1,....n—-k,x+tgjcFforO<t<e
and e; the j'th unit vector.

@ D is a connected component of H \ F.

Lisbeth Fajstrup A Hierarchy of directed structures



Letn =3, k = 2. Let p! be a deadlock wrt. i3, p2 wrt. 12x | p3
2

wrt. T | and p? wrt. Ix | xI and suppose they are the
corners of an isothetic 2D rectangle D and

@ p' = (c,by,by), p> = (¢, by, 1), p° = (c,a1,ay),
p* = (c,a1,by)

@ The lines connecting pt, p? and p?, p3, p3, p* and p*, pt
are deadzones wrt to the relevant orders.

@ Forx € D, x +1(1,0,0) € F for t small enough.

@ DNF =10

Then D is a deadzone.

This does not give all the deadzones:

Deadzones need not be k-rectangles with deadlocks in the
corners. The boundary could be more complicated. Think of a
2D “wedge” forn =3,k =2
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Unsafe area wrt. a deadzone

Definition

Let D € X \ F be a deadzone. A point x € X \ F is in the unsafe
area wrt. D, if all dipaths initiating in x will end in D.

We do not allow paths to stop for no reason, or to stay in a
k

hyperplane (y1.....yn k)% I .
The immediate unsafe area is bounded by the rectangles

bounding D.
Need general calculation. In simple examples, this is the
intersection of the unsafe areas wrt. the deadlocks cornering D.
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Components are derived from an Ir-system by formally inverting
“inessentials”.
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Components are derived from an Ir-system by formally inverting
“inessentials”.
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Conclusions and Future work

@ We compare the geometric models with and without
reversibility

@ The lattice of d-structures provides an iterative strategy for
reversing processes, inserting cubes,...

@ Want calculations of trace spaces (or perhaps homology
directly)

@ Want calculations of relative homology and homotopy
@ Want comparison with process algebra approach - RCSS
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