
. . . . . .

Geodesic flows on hyperbolic orbifolds

Tali Pinsky, The Technion



. . . . . .

The Lorenz equations
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The Lorenz attractor
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Definition
A template is a compact branched two-manifold with
boundary and a smooth expanding semiflow built from a finite
number of branch line charts.
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Definition 1.1. A template (also known as a knotholder) is a compact branched
two-manifold with boundary and smooth expanding semiflow built from a finite
number of branch line charts, as given in Figure 1(a).

For a more detailed definition, along with examples, see [3, 4]. Each branch line
of a template appears (locally) as in Figure 1(a): there will be a certain number
(≥ 2) of incoming strips which completely cover the branch line (expanding the
incoming semiflow), and a certain number (≥ 2) of outgoing strips. The incoming
and outgoing strips of all the branch lines are then connected bijectively. In Figure
1(b), we display the simplest example of a template: the Lorenz template [3],
consisting of one branch line and two strips.

( a ) ( b )

Figure 1. (a) Strips meet at a branch line; (b) the (embedded)
Lorenz template.

Upon embedding a template in S3, the periodic orbits of the semiflow form links.
The relationship between embedded templates and links of periodic orbits in three
dimensional flows is expressed in the Template Theorem of Birman and Williams
[4, 3]:

Theorem 1.2 (Birman and Williams, 1983). Given a flow on a 3-manifoldM hav-
ing a hyperbolic chain-recurrent set (i.e., Axiom A plus no-cycle), the link of pe-
riodic orbits is in bijective correspondence with the link of periodic orbits on a
particular embedded template T ⊂M (with at most two exceptions). On any finite
sublink, this correspondence is via ambient isotopy.

Aside from their relevance to the dynamics of flows, templates are in their
own right a fascinating class of objects. Birman and Williams [3, 4], Holmes and
Williams [13], M. Sullivan [14], and others have discovered a number of remarkable
properties of templates and template knots. One outstanding conjecture about
templates was posed in [4] and revisited in [14]:

Conjecture 1.3 (Birman and Williams, 1983). There does not exist an embedded
template which supports all (tame) knots as periodic orbits of the semiflow: i.e., a
universal template.

We will discuss the resolution of Conjecture 1.3 in §2 and its relation to Conjec-
ture 0.1 in §3.

Our primary focus in the investigation of templates is on subtemplates:

Definition 1.4. A subtemplate S of a template T is a subset of T which, under
the induced semiflow, is itself a template: we write S ⊂ T .
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The template theorem (Birman and Wiliams, 1983)
given a hyperbolic flow ϕt on a three-manifold M , the link of
all periodic orbits Lϕ is in bijective correspondence with the
link of all periodic orbits LT of a semiflow on an embedded
two dimensional branched manifold T ⊂ M . On any finite
sublink, this correspondence is via an ambient isotopy.
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Templates are

I The only way to topologically analyze periodic orbits

I Extremely hard to compute
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Theorem (Birman and Williams, 1983)

I There are infinitely many inequivalent Lorenz knots.

I Every Lorenz link is a fibered link.

I Every Lorenz knot is prime.

I Every Lorenz link is a closed positive braid.

I Non-trivial Lorenz links have positive signature.
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The modular surface
M = H2/PSL2(Z)

1/2-1/2
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Any point and direction in M define a unique geodesic. This
defines a flow ϕt , called the geodesic flow on
UTM ∼= PSL2(R)/PSL2(Z) ∼= S3 \ trefoil.

SYMBOLIC DYNAMICS FOR THE MODULAR SURFACE AND BEYOND 95
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Figure 3. The fundamental region and a geodesic on M

the number of times it hits the vertical sides of the boundary of F moving in the
direction of the geodesic. A positive integer is assigned to each block of hits of the
right vertical side (or a block of T ’s in the Morse code), and a negative to each
block of hits of the left vertical side (or a block of T−1’s). Moving the initial point
in the opposite direction allows us to continue the sequence backwards. Thus we
obtain a bi-infinite sequence of nonzero integers

[γ] = [. . . , n−2, n−1, n0, n1, . . . ] ,

uniquely defined up to a shift, which is called the geometric code of γ. Moving
the initial point in either direction until its return to one of the circular sides of F
corresponds to a shift of the geometric coding sequence [γ]. Recall that a geodesic
in general position is closed if and only if the coding sequence is periodic. We
refer to the least period [n0, n1, . . . , nm] as its geometric code. For example, the
geometric code of the closed geodesic on Figure 3 is [4,−3].

A geodesic with geometric code [γ] can be lifted to the upper half-plane H (by
choosing the initial point appropriately) so that it intersects

T±1(F ), . . . , Tn0(F ), Tn0S(F ), . . . , Tn0STn1S(F ), . . . ,

in the positive direction (the sign in the first group of terms is chosen in accordance
with the sign of n0, etc.) and

S(F ), ST∓1(F ), . . . , ST−n−1(F ), . . . , ST−n−1ST−n−2(F ), . . . ,

in the negative direction.
The case when a geodesic passes through the corner ρ of F was described to

a great extent in [GL, §7]. Such a geodesic has multiple codes obtained by ap-
proximating it by general position geodesics which pass near the corner ρ slightly
higher or slightly lower. If a geodesic hits the corner only once, it has exactly two
codes. If a geodesic hits the corner at least twice, it hits it infinitely many times
and is closed. If it hits the corner n times in its period, it has exactly 2n + 2
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Theorem (Ghys, 2006)
The modular flow has a template identical to the Lorenz
template. Thus, isotopy classes of modular and Lorenz knots
coincide. Modular links are fibered links and closed positive
braids. Nontrivial modular links have nonnegative signature,
and modular knots are prime.
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Question 1 Why should these knots be identical?

Question 2 Do some properties of the modular knots follow
from the fact they are closed geodesics?
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Hecke triangle groups

Let Γ(2,k) :=< v , u|v k = u2 = e > be the (2, k) Hecke triangle
group. It has the following representations into PSL2(R):

2π/k

π

there exists a distance d0 for which the image of the
representation is discrete, yet the orbifold Γ\H2 is of finite
volume. Denote the orbifold corresponding to d0 by O(2,k).
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We divide the unit tangent bundle into two parts.

A neighborhood of the 2-cone point is a (2, 1) fibered torus.
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We now describe an explicit homeomorphism from pointers
(points with attached directions) on the orbifold into the (2, 1)
torus.

Let A be the orbifold with some small neighborhoods of the
cone points removed. Fix a vector field on A as follows.

k 2
β’ α’

γ’
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Another way of viewing the vector field is as an embedding of
A into UTO(2,k). The unique embedding with the required
properties is the following
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We now use the vector field to draw a template for the
geodesic flow on O(2,k). To this end consider the following
figure comparing each of the ear cores to the vector field.
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This yields the embedding of the cores into the (2, 1) torus.

c1
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The branch line
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We now draw for each ear one loop in addition to the core, to
determine the twists in each of the ears. The second loop will
have two parts. One will be a geodesic segment which is not
closed, and the other a part of the stable manifold, reaching a
geodesic perpendicular to the branch line.
The stable manifold in this setting is just the horocycle
corrosponding to the endpoint.

c1

h
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The resulting (2, 5) template

m
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Theorem (TP)
All the templates of the flows on the orbifolds O(2,k) for odd
k, are subtemplates of the following template


